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On the Invariance of Ant Colony Optimization
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Abstract— Ant colony optimization (ACO) is a promising meta-
heuristic and a great amount of research has been devoted to
its empirical and theoretical analysis. Recently, with the intro-
duction of the hyper-cube framework [1], Blum and Dorigo have
explicitly raised the issue of the invariance of ACO algorithms
to transformation of units. They state [1] that the performance
of ant colony optimization depends on the scale of the problem
instance under analysis.

In this paper, we show that the ACO internal state—commonly
referred to as the pheromone—indeed depends on the scale of
the problem at hand. Nonetheless, we formally prove that this
does not affect the sequence of solutions produced by the three
most widely adopted algorithms belonging to the ACO family:
ant system, MAX-MZN ant system, and ant colony system. For
these algorithms, the sequence of solutions does not depend on
the scale of the problem instance under analysis.

Moreover, we introduce three new ACO algorithms, the inter-
nal state of which is independent of the scale of the problem
instance considered. These algorithms are obtained as minor
variations of ant system, MAX-MZN\ ant system, and ant colony
system. We formally show that these algorithms are functionally
equivalent to their original counterparts. That is, for any given
instance, these algorithms produce the same sequence of solutions
as the original ones.

Index Terms— Ant colony optimization, combinatorial opti-
mization, swarm intelligence, weak and strong invariance.

I. INTRODUCTION

NT colony optimization (ACO) [2] is a metaheuristic

inspired by the foraging behavior of ants [3]. In order
to find the shortest path from the nest to a food source, ant
colonies exploit a positive feedback mechanism: They use a
form of indirect communication called stigmergy [4], which
is based on the laying and detection of pheromone trails. In
ant colony optimization, a generic combinatorial optimization
problem is encoded into a constrained shortest path problem.
A number of paths are generated in a Monte Carlo fashion
on the basis of a probabilistic model whose parameters are
called artificial pheromone—or more simply pheromone. In
the ant colony optimization metaphor, these paths are said
to be constructed by artificial ants walking on the graph
that encodes the problem. The cost of the generated paths
is used to modify the pheromone and therefore to bias the
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generation of further paths towards promising regions of the
search space [5].

The ant colony optimization framework has been explicitly
defined by Dorigo and co-workers in 1999 [6], and comprises
a number of algorithms including the original ant system [7]-
[9], ant colony system [10], and MAX-MZN ant system [11],
[12]. A vast literature exists on ant colony optimization and
on its application to a large number of problems. We refer the
reader to [2] for a comprehensive overview and to [13] for a
recent survey.

Recently, with the introduction of the hyper-cube framework
[1], Blum and Dorigo have explicitly raised the issue of the
invariance of ACO algorithms to transformation of units. In
the hyper-cube framework, the cost of solutions is normalized
on a per iteration basis. This entrains a number of desirable
properties [1], among which the invariance to transformation
of units. Blum and Dorigo [1] maintain that this property is
peculiar to the hypercube framework:

in standard ACO algorithms the pheromone values

and therefore the performance of the algorithms,

strongly depend on the scale of the problem. [1]
Here by “performance,” the authors informally mean the
sequence of solutions generated when solving a problem
instance.

In this paper, we formally show that this statement is only
partially correct: Indeed, in standard ant colony optimization
algorithms the pheromone values (and the heuristic informa-
tion) depend on the scale of the problem. Nonetheless, the
sequence of solutions ACO algorithms find is independent of
the scale of the problem. For concreteness, in this paper we
focus on ant system, MAX-MZN ant system, and ant colony
system, which are the three most representative algorithms in
the ant colony optimization family.

As a second contribution, we propose variants of
the aforementioned algorithms called strongly-invariant ant
system (siAS), strongly-invariant MAX-MIN ant sys-
tem (si MMAS), and strongly-invariant ant colony system
(siACS). These variants are equivalent to their original coun-
terparts, but they enjoy the further property that the pheromone
and the heuristic values do not depend on the scale of
the problem. Although this property might be desirable in
practical applications, the significance of the introduction of
strongly-invariant ACO algorithms is mostly theoretical and
speculative. Indeed, the fact of showing that it is possible
to define algorithms enjoying the above invariance property
provides new insight into ant colony optimization.

The rest of the paper is organized as follows. In Section II,
we introduce some preliminary concepts. In Sections III, IV,
and V, we deal with ant system, MAX-MZAN ant system,
and ant colony system, respectively. In these sections, we
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formally define the three algorithms and we prove that the
sequence of solutions they produce does not depend on the
scale of the problem instance under analysis. Moreover, in
these sections we propose the strongly-invariant versions of
the three algorithms and we formally study their properties.
In Section VI, we describe three combinatorial optimiza-
tion problems—namely the traveling salesman problem, the
quadratic assignment problem, and the open shop scheduling
problem—and we illustrate how the theorems proved in Sec-
tions III, IV, and V apply to these problems. In Section VII,
we conclude the paper with some final remarks.

II. PRELIMINARY DEFINITIONS

In this section, we introduce a number of fundamental
concepts that will be needed in the following.

Definition 1 (Linear transformation of units). A linear trans-
formation of units is a binary relation defined on the space of
the instances of a combinatorial optimization problem. Two
instances I and I are related via a linear transformation of
units if they share the same space of solutions S and, for any
solution s € S, f(s) = g1 f(s), where g; > 0 is a constant and
f(s) and f(s) are the value of the objective function in s for
I and I, respectively. In the following, the notation I = g1
will be adopted.

Being reflexive, symmetric, and transitive, a linear transfor-
mation of units is an equivalence relation. Accordingly, two
instances I and I that meet the conditions given in Definition 1
will be said to be equivalent up to a linear transformation of
units or more simply equivalent.

Remark 1. In the following, if y is a generic quantity that
refers to an instance I, then ¥ is the corresponding quantity
for what concerns instance I, when I is equivalent to I up to
a linear transformation of units.

Definition 2 (Construction graph, pheromone, and heuristic
information). In ant colony optimization, a combinatorial
optimization problem is mapped on a graph G = (N, E),
where N is the set of nodes and F is the set of edges. The
graph G is called construction graph.

The solutions of the original problem are mapped to paths
on (. Variables called pheromone and heuristic information
are associated with the edges in E.

Ant colony optimization algorithms are iterative. At each
iteration, a number of solutions are built incrementally on the
basis of stochastic decisions that are biased by pheromone and
heuristic information. These solutions are used for updating the
pheromone in order to bias future solutions towards promising
regions of the search space. A pseudo-code of a generic ant
colony optimization algorithm is given in Algorithm 1. The
constraints of the optimization problem are implemented by
enumerating the solution components that can be added at
each step. This set typically depends on the partial solution
constructed so far.

'In this paper, we will not discuss the adoption of a local search to improve
solutions constructed by ants. Nonetheless, it is worth noticing here that local
search algorithms are typically invariant to transformation of units. Therefore,
all the theorems presented in the paper hold true also when a local search is
adopted.

Algorithm 1 The Ant Colony Optimization Metaheuristic
Set parameters, set heuristic information, and initialize
pheromone;
while termination condition not met do

Construct solutions based on pheromone and heuristic
information;
Improve solutions via local search;! (optional)
Update pheromone;
end while

In the following, we will adopt the notation (i, j) to denote
the edge connecting nodes 7 and j. With 7;; we denote the
heuristic information on the desirability of constructing a path
on G featuring node j immediately after . Finally, with 7;; ,,
we denote the pheromone on edge (i, j) at iteration h of the
algorithm.

The following hypothesis will be used in the paper.

Hypothesis 1 (Pseudo-random number generator). When solv-
ing two equivalent instances I and I, the stochastic decisions
taken while constructing solutions are made on the basis
of random experiments based on pseudo-random numbers
produced by the same pseudo-random number generator. We
assume that this generator is initialized in the same way (for
example, with the same seed) when solving the two instances
so that the two sequences of pseudo-random numbers that are
generated are the same in the two cases.

Similarly, when two algorithms A and A solve the same
instance I, we assume that the pseudo-random number gen-
erators adopted by the two algorithms are the same and are
initialized in the same way.

Definition 3 (Weak-invariance). An algorithm A is weakly-
invariant (or more simply invariant) to linear transformation
of units if the sequence of solutions S; and S; generated
when solving respectively the instances I and I are the same,
whenever I is equivalent to I up to a linear transformation of
units. If A is a stochastic algorithm, it is said to be invariant
if it is so under Hypothesis 1.

Definition 4 (Strong-invariance). An algorithm A is said to be
strongly-invariant if, besides generating the same solutions
on any two equivalent instances I and I, it also enjoys the
property that its internal state at each iteration is the same
when solving I and I. If A is stochastic, it is said to be
strongly-invariant if it is so under Hypothesis 1.

Remark 2. An ant colony optimization algorithm is strongly-
invariant if heuristic information and pheromone at each iter-
ation are the same when solving any two equivalent instances.

Definition 5 (Functional equivalence). Two algorithms A and
A are functionally equivalent, or simply equivalent, if for any
instance I, the sequence of solutions S; generated by A and
the sequence of solutions S; generated by A are the same. If
A and A are stochastic, they are said to be equivalent if they
are so under Hypothesis 1.

Definition 6 (Reference solution). Let s, be a solution of
instance I returned by some appropriate invariant algorithm.
Such an algorithm, which is necessarily problem-specific,
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might be based either on a heuristic or more simply on a
random sampling of the solution space. In this latter case,
the invariance of the algorithm relies on Hypothesis 1. From
this definition, it follows that f(s,) = g1f(s,), for any two
equivalent instances I and I such that I = g, 1.

III. ANT SYSTEM

Ant system is the original ant colony optimization algo-
rithm proposed by Dorigo and co-workers [7], [7]-[9]. In the
following, we provide a formal definition of the algorithm.

Definition 7 (Random proportional rule). At the generic itera-
tion h, suppose that ant k is in node ¢. Further, let Mk be the
set of feasible nodes that can be visited by ant k. In general,
this set depends on the partial solution constructed so far by
ant k. The node j € /\/Z-k, to which ant k£ moves, is selected
with probability:

[7i.)* [0i]°
z:le/\/i’C [m,h]a[mz]ﬁ ’

where o and 3 are parameters.

koo
Pijn =

Definition 8 (Pheromone update rule). At the generic iter-
ation h, suppose that m ants have generated the solutions
st 82, ..., 8™ of cost f(sh), f(s?),..., f(s™), respectively.
The pheromone on each edge (i, j) is updated according to
the following rule:

m
k
Tij,nt1 = (1 - p)Tij,h + E :Aij,hv
k=1

where p is a parameter called the evaporation rate and

{Uﬂ$,H@ﬂ€¢

0, otherwise.

k
A (1)

Definition 9 (Pheromone initialization). At iteration h = 1,
the pheromone is initialized to

Tijn = m/ f(s,), for all (i,5) € E,

where m is the number of ants and s, is the reference solution.

Definition 10 (Ant system). Ant system is an ant colony
optimization algorithm in which solutions are constructed ac-
cording to the random proportional rule given in Definition 7,
the pheromone is initialized as in Definition 9 and updated
according to the rule given in Definition 8. The evaporation
rate p, the number of ants m, and the exponents « and 3 are
parameters of the algorithm. The definition of the heuristic
information is problem-specific.

The following theorem holds true.

Lemma 1. The random proportional rule is invariant to con-
current linear transformation of the pheromone and of the
heuristic information. Formally, for any two positive constants
Y1 and Y2,

(Tijon = M1Tijn) N (D35 = v2miz), for all (4, j)
= ﬁ%h = pfj}h,, for all (7, j),

where ]5?7»7 , 1s obtained on the basis of 7;; , and 7;;, according
to Definition 7.

Proof. According to Definition 7:

B 700 7] G o /X 00 0/ 2
Dient [Fanl®Mul®  Zienns Datinn]*vamal?
(1112l [7ign] * [mi5)”
) [v2)? Xiene [Fin ][l
B o700 U]
ient [Tin]*mul?

_k
Pijn

k
= Pijn-
O

Theorem 1 (Weak invariance of ant system). Let I and I be
two equivalent instances such that I = g1, with g1 > 0.
Further, let G = (N, E) be the construction graph associated
with I and I. Ant system obtains the same sequence of
solutions on I and I if

(Condition 1) the heuristic information is such that:
(71517 = [g2m45), for all (i, j) € E,

where (3 is the parameter appearing in Definition 7 and g5 >
0 is an arbitrary constant.

Proof. The theorem is proved by induction: We show that if
at the generic iteration i some set of conditions C holds, then
the solutions generated for the two instances I and I are the
same, and the set of conditions C also holds at the following
iteration h+1. The proof is concluded by showing that C holds
at the very first iteration. With few minor modifications, this
technique is adopted in the following for proving all theorems
enunciated in the paper.

According to Lemma 1 and given Condition 1, if at the generic
iteration h, 7;; , = g%Tij,h’ for all (i, j), then pf; , = pf; . for
all (i, 7). Under Hypothesis 1,

Ef:s/,f, forall k=1,...,m,

and therefore,

fGHY =gif(sh), forall k =1,...,m.

According to Equation 1:

Ak_{ﬂﬁ$,ﬁ@ﬁ€¢

. .
t 0, otherwise;

_?mwww if (i, ) € 55 = sh;

0/g1, otherwise;
[k, et 1y,
g1 |0, otherwise; g1 0"
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and therefore, for any edge (i, j):

sz nt Z Azj,
TU nt Z Az] h

m

ZAlJv h

1

g (1= p)Tijn + Z ijn | = Tu,h+1
1

The proof is completed by observing that a basis for the above
induction follows from Definition 9:

7_'1'j,h,+1 =

=(1- P th,h +

m m

]F(SO) B 91f(s0)

1
Tijan = = —m;j., for all (i, j).
1

O

Remark 3. One notable case in which Condition 1 is satisfied
is when 3 = 0, that is, when no heuristic information is used.

Strongly-invariant ant system

In this section, we introduce siAS, which is a strongly-
invariant version of ant system. We first define the algorithm,
then we prove that it is functionally equivalent to ant system,
and finally that it is indeed strongly invariant.

Definition 11 (Strongly-invariant pheromone update rule). The
pheromone is updated using the same rule given in Defini-

tion 8, with the only difference that Al . is given by:
ko _ Jf(so)/mf(sy), if (i,j) € sy
Az] h .
0, otherwise;

where m is the number of ants and s, is the reference solution.

Definition 12 (Strongly-invariant pheromone initialization). At
the first iteration h = 1, the pheromone is initialized to 745, =
1, for all (i, j).

Definition 13 (Strongly-invariant ant system). The strongly-
invariant ant system (siAS) is a variation of ant system. In
siAS, the random proportional rule is adopted for the con-
struction of solutions, the pheromone is initialized according
to Definition 12, and the update is performed according to
Definition 11. The heuristic information is set in an invariant
way through some appropriate problem-specific rule.

Theorem 2. Ant system and siAS are functionally equivalent
if
(Condition 2) the heuristic information is such that:

(757 = [Amij)?, for all (i, ),
where (3 is the parameter appearing in Definition 7, 7;; and
7;; are the heuristic information on edge (i, j) respectively

in siAS and ant system, and A > 0 is an arbitrary constant.

Proof. Let us consider a generic instance I. In this proof, a
tilde placed above a symbol indicates that it refers to siAS. Let
1= f(8o)/m. According to Lemma 1 and given Condition 2,

if at the generic iteration h, 7;;, = (7s;,,, for all (i, j), then
By = Pl .. for all (i, j). Under Hypothesis 1, 3% = sV, for

all k=1,...,m. According to Definitions 8 and 11,
A [ miGh), i (i) €
o 0, otherwise;
_J/FGsh), i () € s :
=K . A'LJ h*
0, otherwise;
Therefore, for any edge (i, j):
Tijner = (1= p)Tijn + ZAM
= (1= p)uTijn + Z ILLA’L_] n = HTijnt1-

The proof is completed by observing that a basis for the above
induction is provided by

Tija = WTij, for all (i, ),
which follows from Definitions 9 and 12. O

Theorem 3. siAS is strongly-invariant if
(Condition 3) the heuristic information is such that:

[ﬁlj}ﬂ = [nij]ﬁv for all <27]>a

for any two instances I and I such that [ =
g1 > 0.

g11, with

Proof. Given Condition 3, according to Lemma 1 and Hy-
pothesis 1, if at the generic iteration h, T, = T, for

all (i, 7), then pf; , = pf; . for all <z j), and 5% = sk, for
all k = 1,...,m, and therefore, f(5F) = g, f(s*), for all
k=1,...,m. Accordmg to Definition 11:

if (i,7) € 5%

h .
s otherwise;

Ab — {f(so)/mf(g’:),
01

if (i,7) € s7; _ AR
otherwise; o

{f(so>/mf<s’:>,
01

and therefore, for any edge (i, j):

m

77_ij7h+1 = 1 - TZ] nt E Az_],

P)Tijon + Z A
k=1

The proof is completed by observing that Definition 12 pro-
vides a basis for the above induction. ]

= Tij,n+1-

Remark 4. It is worth noticing that by initializing the phe-
romone to 7;;, = 1/m, for all (i,j), and by defining A¥; |
as:
ar JIG0/EGE, i G € sl
R 0, otherwise;
one would have obtained nonetheless a strongly invariant
algorithm. The advantage of the formulation given in Defi-

nitions 11 and 12 is that the magnitude of the pheromone
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deposited on the arcs does not depend on the number m of
ants considered.

Remark 5. In the original ant system, the pheromone has
dimension u~!, where u is the unit in which costs are
measured. On the contrary, in siAS the pheromone to be
deposited is obtained by dividing the cost of observed solutions
by the cost of the reference solution. As a result, in siAS the
pheromone is dimensionless. In this respect, siAS is similar
to an hyper-cube ACO algorithm, in which the pheromone
is dimensionless, due to the fact that the cost of solutions is

normalized on a per iteration basis [1].

IV. MAX-MZIN ANT SYSTEM

The results given for ant system can be extended to MAX-
MUIN ant system [11], [12]. The characterizing element of
MAX-MTIN ant system is the fact that the pheromone value
is constrained between a minimum and a maximum, which
possibly change iteration by iteration.

Definition 14 (Pheromone trail limits). At iteration h + 1, the
pheromone value 7;;,, ., on a generic edge (i, j) is constrained:

min
T

maxr
IS < Tij,h+1 < s y

with 7% = 1/pf(s%*) and 77" = a7, where s’ is the
best solution found up to and including iteration h, p is the
evaporation rate, and a is a parameter, with 0 < a < 1.

Remark 6. The following notation will be adopted:

max, if x > maz;

[le max — x’

man

if min < x < maz;

min, if x < min.

It can be easily shown that, if g > 0,

g-maz maz
Jgomin = 91 i
min

l9-a

g-min
This property will be used in the following.

Definition 15 (Pheromone update rule). If 7;;, is the value
of the pheromone on edge (i, j) at the current iteration h, the
value of the pheromone at iteration h + 1 is given by:

mazx

Th
Tijner = [(1 = P)Tijn + Az‘j,h} in? )
Th' )
where p is the evaporation rate. The quantity A;;, is given
by:
1 sbest ’ if Z.v W= Sbest;
A= { [Fsr), it ) €5, )

0, otherwise;

where s°¢% is either the best-so-far solution s'*, that is, best

solution found up to and including iteration h, or the iteration-
best solution sif’, that is, the best solution found in iteration
h.

Remark 7. At a given iteration h, whether a best-so-far or an
iteration-best update is to be performed is a design choice.
In the typical implementation of MAX-MZIN ant system,
in the initial iterations the iteration-best update is mostly
adopted, and the frequency with which the best-so-far update
is employed increases iteration after iteration [12].

Definition 16 (Pheromone initialization). At iteration h = 1,
the pheromone on each edge is initialized to

1
Tija = —r— for all (i,5) € E.
S pf(s0) )

where p is the evaporation rate and s, is the reference solution.
Definition 17 (MAX-MIN ant system). MAX-MIN ant

system is an ACO algorithm in which solutions are constructed
according to the random proportional rule given in Defini-
tion 7, the pheromone is initialized as in Definition 16, and it
is updated according to Definition 15. The evaporation rate p,
the exponents v and 3, the number of ants m, and the factor
a are parameters of the algorithm. The heuristic information
is problem-specific.

Theorem 4 (Weak invariance of MAX-MZN ant system). Let
I and I be two equivalent instances such that I = g11, with
g1 > 0. Further, let G = (N, E) be the construction graph
associated with I and I. MAX-MZN\ ant system obtains the
same sequence of solutions on I and I if

(Condition 1) the heuristic information is such that:
(75517 = lgani;]°, for all (i, j) € E,

where ( is the parameter appearing in Definition 7 and go >
0 is an arbitrary constant.

Proof. The proof follows the one given for Theorem 1. Let

us assume that, at the beginning of the generic iteration h,
5,5, = 8%, and Ty, = -7y, for all (4, 5). According to

Lemma 1 and given Condition 1, p¥;, = pf; . for all (i, j).
Under Hypothesis 1, 58 = s¥, for all & = 1,...,m, and
therefore, f(5F) = g1 f(s}), forall k = 1,...,m. In particular,
51 = 5% and f(5°°) = g1 f(s%*). Moreover, whether or not
an improvement is made on the best-so-far solution, 5bs =
sbs, Indeed, since 50 = sgil,ith.en F(E5 ) = guf(she)).
If f(s%) < f(sE2,), then also f(51") < f(5P%,), and 50° =
5" = si’ = s)°. On the other hand, if f(s}") > f(s}?,), then
also F(5%) > F(50%,), and 50 = 500, = st = 515,

According to Equation 3,

A {1/f(852“t), if (i, 7) € 57°";
Aij,h =

0, otherwise;

By
0/917 o

_ Y guf(speh), i (i) € spets 1
otherwise; g1

where 5%t = sbest = sbsin case of a best-so-far update;
and 52¢st = sbest = 5% in case of an iteration-best update.

In both cases,

Fmaz _ 1 _ 1 _ iTmaz
h - (= - - h ’
pf(srs)  gipf(st*) &
and therefore,
—min __ _=maxr __ ﬁ mar __ i min
Th = ar, - Th - Ty
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It follows that,

] Zmaz
— h

Tijh+1 = (1- ,D)Tij,h + Aij’h:| Fman
L h

[ 1 1
= 1— —Tiq + 7Al :|
_( p)gl Mg T

= -i ((1 — P)Tijon + Am)]

g1

1 . 1
= 971 {(1 — P)Tijn + Aij,hj| rin = gTTij,h+1'
The proof is completed by observing that, according to Defi-
nition 16, the pheromone is initialized as:

1 1 1
Tijn = — = = —T;5., for all (¢,7).
P pf(s0)  parf(s)) g v

and the initial best-so-far solutions are 32° = sb* = s, where

S, 1s the reference solution. ]

Remark 8. Condition 1 is trivially satisfied when no heuristic
information is used, that is, when 5 = 0.

Strongly-invariant MAX-MZIN ant system

A strongly-invariant version of MAX-MZN ant system
(si MM AS) can be defined. We first define the algorithm, then
we prove that it is functionally equivalent to MAX-MZN ant
system, and finally that it is indeed strongly invariant.

Definition 18 (Strongly-invariant pheromone update rule). The
pheromone is updated as in Definition 15, with the difference
that

Aijn = {pf(SO)/f(SQeSt)’ if (i, 5) € 5, 4)

0, otherwise;

where p is the evaporation rate, s, is the reference solution,

and s7¢*! is either the best-so-far or the iteration-best solution.

Definition 19 (Strongly-invariant pheromone initialization).
The pheromone is initialized to 7;;, = 1, for all (3, j).

Definition 20 (Strongly-invariant pheromone trail limits). At
iteration h+1, the value 7;; ,., of the pheromone on a generic
edge (i,j) is constrained: 7" < 7, < T/, with
Tmar — f(s,)/f(s%%) and 7" = ar™ where s, is the
reference solution, f(s%*) is the best solution found up to

and including iteration h, and a is a parameter.

Definition 21 (Strongly-invariant MAX-MZN ant system).
The strongly-invariant MAX-MZN ant system (si MMAS)
is a variation of MAX-MZN ant system. In si MMAS, the
random proportional rule given in Definition 7 is adopted for
the construction of solutions. The pheromone is initialized
according to Definition 19, limited according to Definition 20,
and the update is performed according to Definition 18. The
heuristic information is set in an invariant way through some
appropriate problem-specific rule.

Theorem 5. MAX-MIN ant system and si MMAS are
functionally equivalent if

(Condition 2) the heuristic information is such that:
[:3)7 = [Ani5), for all (i, 5),

where (3 is the parameter appearing in Definition 7, 7;; and
n;; are the heuristic information on edge (i, j) respectively
in si MMAS and MAX-MZIN ant system, and A > 0 is
an arbitrary constant.

Proof. As in the proof of Theorem 2, a tilde placed above
a symbol indicates that the latter refers to si MMAS. Let
= pf(so). According to Lemma 1 and given Condition 2, if
at the generic iteration h, 52 = s and 7;;, = p7j,, for

all (4, j), then pf; , = pf; ., for all (i, ). Under Hypothesis 1,

g8 = sk for all k = 1,...,m. In particular, 5 = s,
Moreover, whether or not an improvement is made on the

best-so-far solution, 5% = s%*—see the proof of Theorem 4.

According to Equation 4:

A — Pf(so)/f(gllzest)’ if (1, 7) € gbest;
1J,h i
0, otherwise;

. = g,
0, otherwise; e

{1/f(851“t), if (i, j) € 5%
=p

where s¢s* is either the best-so-far sb, or the iteration-

best solution s%°. In both cases, according to Definitions 14
and 20, 7% = f(s0)/f(s;°) = pf(s0)/pf(s5;%) = pr"e

and 7" = a7 = apT,"*" = pr,". It follows that, for
all (i, 7):
) ) ~ Fnas
Tijnsr = [(1 = P)Tijn + Az’j,h}
Th
e
= |:(1 - p)/‘LT’ij,h + H’Alj,h:| - /lTij7h+1»
i

The proof is completed by observing that at the first iteration

h=1,%j,=1=pf(s0)/pf(s0) = p7ij, for all (3, j); and
the initial best-so-far solutions are 5%° = 5% = s,. O

Theorem 6. si MMAS is strongly-invariant if

(Condition 3) the heuristic information is such that:
[ﬁlj}ﬁ = [nij]ﬁv for all <27]>1

for any two instances I and I such that I = g1, with
g1 > 0.

Proof. Given Condition 3, according to Lemma 1 and Hy-
pothesis 1, if at the generic iteration h, 7y;, = 7;j,, for all
(i,5), and if 5/* = s, then pf;, = pf; . for all (i,7),
58 = sk and f(5%) = gi1f(sk), forall K = 1,...,m. It
follows that 5% = s¢ and, due to Definition 20, 7% = 7/mae
and 7™ = 7™ Moreover, it can be easily observed that,
as a consequence of Definition 18, Aim = Ayj, for all
(i,7); therefore, 7;j,,1 = Tijuni1, for all (i,7). The proof
is completed by observing that, according to Definition 19,
Tija = Tijq, for all (i, j), and the initial best-so-far solutions
are 30° = sbs = s,. O
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V. ANT COLONY SYSTEM

The weak invariance property holds also for ant colony
system [10]. In ant colony system, the concept of local
pheromone update is introduced: When an ant traverses edge
(t,7) while constructing a solution, that is, when the solution
component encoded by edge (i, j) is included in the solution
being constructed, the pheromone on (7, j) is decreased [2],
[10]. In order to describe this feature, a slightly modified
notation is needed: With s’,fyt we denote the partial solution
constructed by ant k, at iteration h, in the first ¢ steps of the
solution construction process. Further, s’,f,t(t’ ), with ¢/ < ¢, is
the solution component added at step ¢'. Similarly, 7}, , is
the value of the pheromone on edge (7, j) at iteration h, when
ant k is performing step ¢ of the solution construction process.
Finally, if ant k is in node i at construction step ¢ of iteration

h, p% ».. 18 the probability that it moves to node j.

Definition 22 (Local pheromone update rule). At the generic
iteration h, in turn, the m ants perform a step of the solution
construction by traversing an edge, the pheromone on which
is then decreased. This process is iterated until each of the m
ants has constructed its complete solution. After the generic
ant k has performed step t of the construction of its solution,
the pheromone is modified according to:

k+1 (1 - f) Tik’7h,t + gTilj,Lv if Sﬁ,t(t) = <Za]>’
it T otherwise;

where ¢ is a parameter called the local pheromone evaporation
rate, and T} is the initial value of the pheromone—see
Definition 25. When all m ants have completed step ¢t of

$7,1,1
the solution construction process, step ¢ + 1 is started with
m-41
1J,h,t"

Definition 23 (Global pheromone update rule). At each itera-
tion h, after all m ants have built their solution and performed
the local pheromone update, the pheromone on the edges
belonging to the best-so-far solution s** found up to and
including iteration h, are reinforced:

1
Tij,h,t+1 -

L SO o A p A () € )
e T otherwise;
where Ay, = 1/f(s*), and T is the number of construction

steps needed to obtain a complete solution. The quantity T{;TT
is the value of the pheromone on edge (i,j) after all m
ants have completed the 7" construction steps of iteration h,
while 7, ., is the quantity of pheromone on edge (i, j)
right before the first ant performs the first construction step of

iteration h + 1.

Definition 24 (Pseudorandom proportional rule). At the
generic iteration h and generic construction step ¢, suppose
that ant k is in node i and A¥ is the set of feasible nodes. The
node to be visited next is selected according to the following
rule: With a probability given by the parameter gy, the ant
moves to the feasible node that maximizes 7;; o o[ma]?, where
I € NF; with probability 1 — g a node is selected according
to the random proportional rule given in Definition 7, with

a = 1.2 Formally:

Tikj.,h,t [771]][3
Zze/\/f Tikl,h,t[nil]ﬁ’

if j = arg MAX;e \rk Tikl,h,t[nil]ﬁ;

qo + (1 —qo)

k _
Pijne =

Til},h,,t [771‘]‘]6

1- q0 ’
( )Zze/\/f Tﬁ,h,t[ml]ﬁ

otherwise;

where [ and ¢ are parameters, with 0 < gg < 1.

Definition 25 (Pheromone initialization). At iteration h = 1,
the pheromone on each edge is initialized to

1
75, = ———, forall (i,j) € B
17,1,1 nf(so)’ < j> )
where n = |N| is the number of nodes in the construction

graph G, and s, is the reference solution.

Definition 26 (Ant colony system). Ant colony system is an
ACO algorithm in which solutions are constructed according
to the pseudorandom proportional rule given in Definition 24,
the pheromone is initialized as in Definition 25 and updated
according to Definitions 22 and 23. The local and global
evaporation rates £ and p, the number of ants m, the exponent
0, and the probability gq are parameters of the algorithm. The
definition of the heuristic information is problem-specific.

Lemma 2. The pseudorandom proportional rule is invariant to
concurrent linear transformation of the pheromone and of the
heuristic information. Formally, for any two positive constants
g1 and go,

=175, N Tij = g2niz, for all (i, j)
= ﬁfj,h,t, = pi'cj,h,u for all <Za.7>

=k
Tijon,t

where ﬁfmyt is obtained on the basis of 7,
according to Definition 24.

+ and ﬁija

2In the original ant colony system, « is set to 1 and is not a free parameter.
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Proof. Indeed:

Tz] h tinljiﬁ
Zle/\/k il,h,tinil]ﬁ’
if j = argmax; pr»

g0 + (1 —qo)

Pjns = 7 7l

zg h, tinlj]
il,h,f,imliﬁ7
DT, t[9277ij]ﬁ

Zle/\/k 9T, ti9277iz]5

= if j = argmaxye s 17, [9270) s

(1—-4qo) otherwise;

2ient

qo + (1 —qo)

917, hti9277ijiﬁ
Dient IiTi . Ngama)®’

(1 —qo) otherwise;

) ng,h tinwiﬁ

qo+ (1 — ,
Dtent Thn mal?
= if j = argmaxe Tfl’h,t[ml]ﬁ;
5 inij]ﬁ
(1—qo) it , otherwise;
Zle/\ff Tz'kl,h,tinil]ﬁ
= pf:j,h,,t'

O

Theorem 7 (Weak invariance of ant colony system). Let I and
I be two equivalent instances such that I = g, I, with g; > 0.
Further, let G = (N, E) be the construction graph associated
with I and I. Ant colony system obtains the same sequence
of solutions on I and I if

(Condition 1) the heuristic information is such that:

75517 = lgani;]°, for all (i, j) € E,
where (3 is the parameter appearing in Definition 7 and g2 >

0 is an arbitrary constant.

Proof. The proof follows those given for Theorems 1 and 4.

Let us assume that, at the beginning of the generic iteration
sbs  _ b _ 1

h, 820 = s,%, and 75, = o7, for all (i, 7). Let us

consider the first construction step at 1terat10n h. According

to Lemma 2, for the ﬁrst ant p” wa = Dija forall (4, 7).

Under Hypothesis 1, 5 .- On the basis of Definition 22,

=2 — {(1_6) ’Ljh1+€ i5,1,19 lfshl(l):<i’j>;

ij,h.1 —1 .
Tijns otherwise;

1 .
- (1-93 T T T i s, (1) = (i, )
g%’rilj,h,,l ) otherwise;
1
= 77—7;2‘7',)1,1'

_ 1
Under the condition 7; , | = o 2-Tjn1» Lemma 2 applies also

to the second ant at the first step of the solution construction at
iteration h: ]3?7 w1 = D3 forall (i, 7). Therefore, 57 | = s7 |
and finally 75, , = _-75;, ,, for all (i, j). This procedure is
repeated for all m ants at the first step of the solution con-
struction at generation h, with the net result that 5 1= =35k,

forall k=1,...,m, and 7: 7" 7+ for all (4, 7). The

z]hl_gl thi

same reasoning holds also for the second step of the solution

construction. Indeed, according to Definition 22, 7, ,

= g11 m = 911 Jino» for all (i, 7). Eventually, after
T construction steps, 77", = 911 T for all (4, j), and
5% = s¥ for all k = 1,...,m. Therefore, f( kY = g1 f(sF),
for all K = 1,...,m. In particular, f(51) = gy f(s®).

Moreover, Whether or not an improvement is rnade on the best-
so-far solution, 5°° = sP* and therefore f(5°°%) = g, f(s%%)—

see the proof of Theorem 4—which results in A;; ,, = g% Aijn.
According to Definition 23,
m A b
71 o {(1 - p) 1]J;ZIT + pAij,hy if < > S, s
1J,h+1,1 T I .
i h, T otherwise;
m b
o (1_p)g1 ZJJ}rle—i_p Am,h; 1f< > S, %5
g% {;",J;Z,lw otherwise;
m b
1 {(1—,0) T P, (i) €507
m41 .o
g1 ij,h T otherwise;
1 1
= gTTij,h+1,1'

The proof is completed by observing that, according to Defi-
nition 25, the pheromone is initialized as:

1 1 1
—1
T = — = = for all (1, 7).
R nf(so) nglf(so) g1 Zj nr
and the initial best-so-far solutions are 37° = sb* = s,, where
S, 1s the reference solution. O

Remark 9. Condition 1 is trivially satisfied when no heuristic
information is used, that is, when 8 = 0.

Strongly-invariant ant colony system

A strongly-invariant version of ant colony system (si ACS)
can be defined. We first define the algorithm, then we prove
that it is functionally equivalent to ant colony system, and
finally that it is indeed strongly invariant.

Definition 27 (Strongly-invariant global pheromone update
rule). The global pheromone update is performed as in Defini-
tion 23, with the difference that A;; ,, = nf(s,)/f(s%), where
n = |N| and s, and s’* are the reference and the best-so-far
solution, respectively.

Definition 28 (Strongly- invariant pheromone initialization).
The pheromone is initialized to T, =1, for all (3, j).

Definition 29 (Strongly-invariant ant colony system). The
strongly-invariant ant colony system (siACS) is a variation of
ant colony system. In si ACS, the pseudorandom proportional
rule is used for the construction of solutions, the pheromone is
initialized according to Definition 28 and the local and global
pheromone updates are performed according to Definitions 22
and 27, respectively. The heuristic information is set in an
invariant way through some appropriate problem-specific rule.

1]11

Theorem 8. Ant colony system and siACS are functionally
equivalent if
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(Condition 2) the heuristic information is such that:
[715)° = [Wni5)°

where 3 is the parameter appearing in Definition 7, 7};; and
1;; are the heuristic information on edge (i, j) respectively

in siACS and ant colony system, and A\ > 0 is an arbitrary
constant.

for all (i, j),

Proof. As in the proofs of Theorems 2 and 5, a tilde placed
above a symbol indicates that the latter refers to si ACS. Let
1 =nf(s,). According to Lemma 2, given Condition 2, and
under Hypothesis 1, if at the beginning of the generic iteration

h, 80, = sb and 7, , = pr}, . for all (z’,j), then,
Py, = D, forall (i, j), for all ants k = 1,...,m, and for
all construction steps ¢t = 1,...,T. Further, 7'” ot = HT s
and therefore 5% = sF—see the proof of Theorem 7. In
particular, T;;JZIT = u {ﬁle Moreover, 5% = 5. Finally,

whether or not an improvement is made on the best-so-far
solution, 37% = s%*—see the proof of Theorem 4. The global

pheromone update takes place on the basis of the quantities:

A?J . nf(so)

iy - N
(ébb Flsgey 1o
It follows that, for all (i, j
){;:1 +pAij,ha if (i, ) €)%

Zj h+1,1 ~m+41

Tigmr otherwise;
,

m+1

T + o, if (i, ) € sP%;

(i
s

1 otherwise;
PIT e+ PAG i (i) €577
M 7n+1

Tl]hT7

Tii otherwise;

zj h41,1°

The proof is completed by observing that at the first iteration

h=1,75,,=1=nf(s)/nf(s.) = pri;,,, for all (i,7);
and the initial best-so-far solutions are 5% = s’ = s,. [

Theorem 9. siACS is strongly-invariant if
(Condition 3) the heuristic information is such that:

(7317 = [ni;]°, for all (i, 5),

for any two instances I and I such that [ =
g1 > 0.

g11, with

Proof. Under Hypothesis 1 and given Condition 3, according
to Lemma 2 and Definition 22, if at the generic iteration
h, b5 = gbs and 71 = 7l for all (i,j), then

h—1 h—1 ij,h,1 ij,h,1°
—k _ k
e = Tijn, and pij’,h plj’h,t, for all (z,5), for all ants

k =1,...,m, and for all construction steps ¢t = 1,...,T.
It follows that 8% = sF and f(5%) = g1 f(s"), for all
k = 1,...,m. In particular, 3 = s’ from which, as a

= st
consequence of Definition 27, A;;, = A”,h, for all (i,7);

therefore, 75, , = Tij;1,, for all (,7)-

The proof is completed by observing that, according to
Definition 28, 7} =1, for all (4, j), and the initial

ij, 11 zg 1,1
best-so-far solutions are sbs = sbs = 5. O

VI. PROBLEMS

In this section, we illustrate how the theorems proved in
Sections III, IV, and V apply to some well known com-
binatorial optimization problems. In particular, Section VI-
A deals with the traveling salesman problem, Section VI-
B with the quadratic assignment problem, and Section VI-
C with the open shop scheduling problem. Further exam-
ples of how the proposed theorems apply to other combi-
natorial optimization problems are given in [14] and can
be found on-line at http://iridia.ulb.ac.be/supp/
IridiaSupp2006-008/.

A. Traveling salesman problem

The traveling salesman problem (TSP) consists in finding
a Hamiltonian circuit of minimum cost on an edge-weighted
graph G = (N, E), where N is the set of nodes, and F is the
set of edges. If a directed graph is considered, the problem is
known as the asymmetric traveling salesman problem [15].

Let z;;(s) be a binary variable taking value 1 if edge (3, j)
is included in tour s, and O otherwise. Let c¢;; be the cost
associated to edge (7, j). The goal is to find a tour s such that

the function
$) =Y > cyay(s)
ieN jeN
is minimized.
1) Transformation of units: If the cost of all edges is
multiplied by a constant ¢, the resulting instance I is
equivalent to the original /, that is, I = g1/, with g1 = (.
Indeed, ¢;; = Cc;j, for all (i,5) = f(s) = (f(s), for all
S.
2) Reference solution: Many constructive heuristics exist
for the TSP [16] that can be conveniently adopted here.
3) Heuristic information: The typical setting is 7;; =
1/c;;, for all (i, 7). This meets Condition 1 with g = 1/¢.
Therefore, the theorems on the weak invariance of ant system,
MAX-MIN ant system, and ant colony system hold. In
the literature, the three variants of ant colony optimization
considered in this paper have been applied to the traveling
salesman problem with the setup just described [2].

4) Strongly-invariant heuristic information:

ni; = f(so)/ncij, for all (i,7), where n = |N|. It
is worth noting that the term n is not needed for the
invariance to transformation of units. It has been included
for achieving another property: the above defined 7;; does
not depend on the size of the instance under analysis—that
is, on the number n of cities. This definition meets
Condition 2 with A = f(s,)/n, and Condition 3.

Therefore, siAS, si MMAS, and siACS are indeed strongly
invariant and are functionally equivalent to their original
counterparts.

B. Quadratic assignment problem

In the quadratic assignment problem (QAP), n facilities
and n locations are given, together with two n X n matrices
A = [a;;] and B = [by,], where a;; is the distance between
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locations ¢ and 7, and b, is the flow between facilities u and
v. A solution s is an assignment of each facility to a location.
Let x;(s) denote the facility assigned to location i. The goal
is to find an assignment that minimizes the function:

F(8) =D ishu,(s)z, ()

i=1 j=1

1) Transformation of units: If all distance are multiplied
by a constant (; and all flows by a constant (s, the resulting
instance I is equivalent to the original I, that is, I = g1,
with g1 = (1(a.
2) Reference solution: The construction of the reference
solution is typically stochastic: a number of solutions are
randomly generated and improved through a local search.
The best solution obtained is adopted as the reference
solution [17]. It is worth noting that a local search is an
invariant algorithm.
3) Heuristic information: Often, the heuristic information
is not adopted [17], that is, § = 0. In this case, Condition 1
is trivially met. Some authors [18] set 7;; = 1/ Z?:l ai.
This meets Condition 1 with g5 = 1/(;.
Therefore, the theorems on the weak invariance of ant system,
MAX-MZIN ant system, and ant colony system hold.

4) Strongly-invariant heuristic information: If the
heuristic information is adopted, 7;; = f(s,)/ > /=y @it»
for all (i, 7). This meets Condition 2 with A = f(s,), and
Condition 3. On the other hand, if no heuristic information
is adopted as suggested in [17], Conditions 2 and 3 are
trivially met.

Therefore, siAS, si MMAS, and siACS are indeed strongly
invariant and are functionally equivalent to their original
counterparts.

C. Open shop scheduling problem

In open shop scheduling problems (OSP) [19], a finite set O
of operations is given, which is partitioned into a collection of
subsets M = {M;, Ms,..., My} and a collection of subsets
J ={J1,J2,...,Jv}. BEach M, is the set of operations that
have to be performed by machine u; and each J, is the set of
operations belonging to job v. A non-negative processing time
t(o;) and an earliest possible starting time e(o;) are associated
with operation o; € O. A solution s is a collection of
schedules X (s) = {X!(s), X2(s),...,XY(s)}, where X*(s)
is the sequence of operations scheduled for machine » and
X(s) is the operation in position 7 in sequence X*(s). The
completion time cf(s) of operation X"(s) is computed recur-
sively from ¢ (s) = t(X%(s)) + max [e(X%(s)),c%_1(s)],
with ¢fj(s) = 0. The goal is to minimize the makespan, which
is given by:

f(s) = max iy (5)-

1) Transformation of units: If all processing times and
earliest possible starting times are multiplied by a constant
¢, the resulting instance I is equivalent to the original I,
that is, T = g1, with g1 = (.

2) Reference solution: The construction of the reference
solution is typically stochastic.
3) Heuristic information: The heuristic information is
typically 7;; = 1/e(o;), for all (3, j), which meets Con-
dition 1 with go = 1/¢.
Therefore, the theorems on the weak invariance of ant system,
MAX-MIN ant system, and ant colony system hold.

4) Strongly-invariant heuristic information:

nij = f(s0)/e(o0;), for all (i, 7). This meets Condition 2

with A = f(s,), and Condition 3.
Therefore, siAS, si MMAS, and siACS are indeed strongly
invariant and are functionally equivalent to their original
counterparts.

VII. CONCLUSIONS

Contrary to what previously believed [1], at least three of
the most representative and most widely adopted algorithms
belonging to the ant colony optimization family appear to be
invariant to transformation of units. In this paper, we have
formally proved that ant system, MAX-MZN ant system,
and ant colony system are indeed weekly-invariant. In other
words, the sequence of solutions they produce does not depend
on the scale of the problem instance at hand. The technique
adopted for proving the theorems is basically the same for
the three algorithms. In the three cases, the proof is of
an inductive nature: We prove that if some conditions are
fulfilled at the beginning of iteration h, then the solutions
produced at iteration h are the same whenever solving any
two instances that are equivalent up to a linear transformation
of units. Moreover, the same conditions hold also at the
following iteration h + 1. The prove is concluded by showing
that the conditions are fulfilled at the beginning of the first
iteration. The same technique can be adopted for formally
showing the invariance of other algorithms belonging to the
ant colony optimization family. It is worth noticing here that
the initialization of the pheromone plays a critical role: In
order for the algorithm to be invariant, the pheromone should
be initialized in an invariant way. Definitions 9, 16, and 25
guarantee the invariance of the initialization. A similar remark
holds for what concerns the heuristic information. In order to
obtain an invariant algorithm, the heuristic information should
meet Condition 1 as given in the statement of Theorems 1, 4,
and 7.

As a second contribution, the paper introduces three algo-
rithms: siAS, si MMAS, and siACS. These algorithms are
Sfunctionally equivalent to AS, MMAS, and ACS, respec-
tively, but they enjoy the further property of being strongly in-
variant. In other words, besides producing the same sequence
of solutions irrespective of any linear transformation of units,
these algorithms are such that the pheromone and the heuristic
information do not change with the units adopted.

Blum and Dorigo [1] were the first to draw attention
to the property that in this paper we call strong invari-
ance. This property is definitely desirable for at least two
main reasons: first, it reduces possible numerical problems
in the implementations and contributes therefore to enhance
the stability of the algorithm; second, it greatly improves
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the readability of the solution process. In order to achieve
strong invariance, Blum and Dorigo [1] have defined a new
framework they named hyper-cube. An hyper-cube version of
AS, MMAS, or ACS is effectively a new algorithm which
shares with its originating (non-hyper-cube) version much of
the underlying ideas but that is not functionally equivalent
to the latter. The main advantage of the strongly-invariant
algorithms we have proposed in the paper is indeed that they
are proved to be functionally equivalent to their respective
original counterparts. The properties of these algorithms do not
need therefore to be studied from scratch: The results reported
in the existing literature on ant colony optimization, which
are rather substantial, directly extend to these new algorithms.
In particular, AS, MMAS, and ACS have been successfully
applied to a variety of problems and therefore an assessment
of the performance of siAS, si MMAS, and siACS under a
large number of experimental conditions is already available.
Anyway, the significance of the introduction of siAS,
si MMAS, and siACS is mostly theoretical and speculative.
Indeed, the very possibility of defining a strongly invariant
algorithm that is functionally equivalent to a given ACO
algorithm sheds new light on ant colony optimization.
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